Surface-to-bulk scattering in topological insulator films by Saha, Kush & Garate, Ion
ar
X
iv
:1
40
9.
62
91
v2
  [
co
nd
-m
at.
str
-el
]  
26
 Se
p 2
01
4
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We present a quantitative microscopic theory of the disorder- and phonon-induced coupling be-
tween surface and bulk states in topological insulator (TI) films. We find a simple mathematical
structure for the surface-to-bulk scattering matrix elements and confirm the importance of bulk-
surface coupling in transport and photoemission experiments, assessing its dependence on temper-
ature, carrier density, film thickness and particle-hole asymmetry.
PACS numbers:
Introduction.– The advent of three dimensional topo-
logical insulators (TIs) [1] has ignited a race to develop
novel quantum devices capable of exploiting the peculiar
transport and magnetoelectric properties of these mate-
rials [2]. A central problem in the field of TI devices
is to probe and isolate their topological surface states
through electrical transport measurements. In practice,
this is a difficult task because all topological “insula-
tors” contain residual bulk carriers that couple to surface
states through disorder and phonons. Because such bulk-
surface coupling is undesirable for device applications, it
is important to understand it in detail.
The role of bulk-surface coupling in TI films has been
amply documented in magnetotransport experiments [3].
Yet, there is no good microscopic understanding of it.
The objective of this paper is to fill this void by present-
ing a microscopic theory of disorder and phonon-induced
bulk-surface coupling. What are the parameters that
govern it? How does it depend on temperature, carrier
concentration and film thickness? These questions, ad-
dressed by our theory, have implications not only for elec-
trical transport on TI surfaces, but also for tunneling mi-
croscopy [4], photoemission [5], optical spectroscopy [6],
relaxation of hot electrons [7] and spintronics [8].
Model.– We consider a TI film of thickness L, whose
surfaces are perpendicular to the z direction (Fig. 1).
For a pristine film of non-interacting electrons, the low-
energy electronic structure can be obtained from the
Hamiltonian [9–12]
H(k‖, ∂z) = ǫk‖,∂z +Mk‖,∂zτz + dk‖,∂z · στx, (1)
where σi and τ i are Pauli matrices in spin and orbital
space (respectively), k‖ = (kx, ky) is the momentum par-
allel to the surfaces, ǫk‖,∂z = γ‖k
2
‖− γ⊥∂2z is the particle-
hole symmetry-breaking term,Mk‖,∂z = m−β‖k2‖+β⊥∂2z
is the Dirac/Schro¨dinger mass term, dxk‖,∂z = v‖kx,
dy
k‖,∂z
= v‖ky and d
z
k‖,∂z
= −iv⊥∂z. The band parame-
ters v‖,⊥, γ‖,⊥, β‖,⊥ and m are material-dependent (al-
though m/β⊥ > 0 is required for a TI).
The eigenstates of Eq. (1) can be written as
φk‖α(r) = e
ik‖·r‖uk‖α(r)/
√
A, (2)
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FIG. 1: (Color online) Left: Calculated bulk and surface en-
ergy bands for a pristine Bi2Se3 film of thickness L = 20nm,
using the band parameters given in Ref. [9]. Each band is
doubly degenerate. For non-ultrathin films, the two degener-
ate surface states can be chosen to be localized on opposite
surfaces. The surface and bulk states coexist in an energy
interval near the bulk band edges. The zero of energy cor-
responds to the middle of the bulk bandgap at k‖ = 0. The
arrows labelled as SS and SB describe examples of (inelastic)
intrasurface and surface-to-bulk scattering. Right: Enve-
lope wave function (EWF) profiles for some bulk and surface
states (the numbers 1-4 labelling them coincide with those of
(a)). The surface state, whose penetration depth grows with
energy, is indistinguishable from a bulk state when its pene-
tration depth becomes comparable to L. Inset: scheme of a
TI film.
where A is the sample area in the xy plane, α labels
surface and bulk bands (hereafter referred to as α ∈ S
and α ∈ B, respectively) and uk‖α(r) has the periodicity
of the lattice in the xy plane. All eigenstates obey the
boundary conditions φk‖α(r‖, z = ±L/2) = 0 and the
orthogonality condition 〈φk‖α|φk′‖α′〉 = δαα′δk‖k′‖ . The
eigenenergies are denoted as Ek‖α and displayed in Fig. 1.
Surface-to-bulk (SB) scattering rate.– Consider an elec-
tron in surface band α, with momentum k‖ and energy
Ek‖α = ǫF , where ǫF is the Fermi energy. In presence
of dilute impurities and weak electron-phonon interac-
tions, this surface electron scatters into the bulk at a
2FIG. 2: (Color online) Cartoon representing the average value
of the orbital pseudospin τ z in low-energy energy bands.
Dashed (red) and solid (blue) lines indicate 〈τ z〉 < 0 and
〈τ z〉 > 0, respectively. At higher momenta (not shown), the
bulk 〈τ z〉 reverses sign (this is a direct consequence of band
inversion), but the surface 〈τ z〉 does not. Panels (a) and (b)
have opposite signs of γ⊥. The SB scattering rate is enhanced
if the bulk and surface states near the Fermi level have paral-
lel pseudospin orientation (this happens for p−doped samples
in (a) and n−doped samples in (b)).
rate Γk‖α,SB = Γ
imp
k‖α,SB
+ Γphk‖α,SB, where [13]
Γimpk‖α,SB(ǫF ) = 2π
∑
k′
∑
α′∈B
|F impk‖α,k′α′ |2δ(ξk′‖α′)
Γphk‖α,SB(ǫF ) = 2π
∑
k′
∑
α′∈B
∑
s=±
|F phk‖α,k′α′ |
2
[
n(s ξk′
‖
α′)
+f(s ξk′
‖
α′)
]
δ(s ξk′
‖
α′ − ωk‖−k′‖,k′z) (3)
are the disorder- and phonon-induced SB scattering
rates, k′ = (k′‖, k
′
z), s = ±1 labels phonon absorp-
tion and emission processes, ωk is the phonon frequency,
ξkα = Ekα − ǫF , n(ǫ) is the phonon occupation factor,
f(ǫ) is the electron occupation factor, δ is the Dirac delta
ensuring energy conservation, and
F
imp(ph)
k‖α,k′α′
≡ gimp(ph)
k‖−k
′
‖
,k′
z
〈uk‖α|eik
′
z
z|uk′
‖
α′〉/A (4)
is the SB scattering matrix element that reflects the wave
function overlap between bulk and surface states. Here,
gimpk (g
ph
k ) is the electron-impurity (electron-phonon)
coupling. For elastic point scatterers, |gimpk |2 is indepen-
dent of k and proportional to the impurity concentra-
tion [14]. For acoustic phonons, |gphk |2 = C2ack2/(2ρV ωk),
where Cac is the acoustic deformation potential and ρ
is the atomic density. For optical phonons, |gphk |2 =
C2op/(2ρV ω0), where Cop is the optical deformation po-
tential and ω0 is the optical phonon frequency.
The surface-to-surface (SS) scattering rate, denoted as
Γk‖n,SS and used below for comparative purposes, can
be calculated from Eq. (3) by summing α′ over surface
(rather than bulk) bands. For the TI films considered
in this work (L & 10 nm), the scattering between oppo-
site surfaces of the film is negligible and thus Γk‖α,SS
describes the intrasurface scattering rate.
The derivation of Eq. (3) relies on the envelope func-
tion approximation and thus implicitly assumes that
the surface potential, the impurity potential and the
electron-phonon interaction are smooth at the atomic
lengthscale. Also, for concreteness we consider the scat-
tering of surface electrons off non-magnetic impurities
and bulk [15] phonons. In thin films grown on electrically
insulating substrates, the neglect of phonon quantization
effects is not incompatible with the incorporation of elec-
tronic quantization effects. Moreover, the key ideas of
this work are independent of the details of phonons.
Roughly speaking, ΓSB is determined by the convolu-
tion between the bulk density of states and the square of
the SB scattering matrix elements. The former implies
that the SB scattering rate will be enhanced at the van
Hove singularities of the bulk density of states. At first
glance, the matrix elements are complicated and it is un-
clear whether there are simple principles governing them.
At a closer look [13], we find that it is possible to gain
valuable physical intuition by rewriting Eq. (4) as
|F imp(ph)k‖α,k′α′ |2 ∝ 1 + ζk′zα′〈τz〉Sk‖α〈τz〉Bk′‖α′
+ ζ′k′
z
α′〈στx〉Sk‖α · 〈στx〉Bk′‖α′ , (5)
where 〈O〉S(B)kn ≡ 〈ukα|O|ukα〉/A denotes the expectation
value of an operator O for an electron with momentum
k in band α ∈ S (α ∈ B). The real numbers ζk′
z
α′ and
ζ′k′
z
α′ depend on the overlap of the bulk and surface wave
functions [13] but are independent of k‖, k
′
‖, the surface
band index and of whether α′ is in the conduction or
valence band.
The main idea from Eq. (5) is that the SB coupling
is sensitive to the relative orientation of the surface and
bulk expectation values for the orbital pseudospin τz and
the entangled spin-orbital operator σiτx. The reason why
only these operators appear in Eq. (5) is that there are
no other operators for which the surface and bulk expec-
tation values are simultaneously nonzero (as evidenced
by the matrix structure of Eq. (1)). For example, the SB
coupling is insensitive to the spin polarization of the sur-
face states because the bulk states are spin-unpolarized.
Let us concentrate on the second term in the rhs of
Eq. (5). Assuming non-ultrathin films and |γ⊥| ≤ |β⊥|,
we find
〈τz〉Sk‖α ≃ γ⊥/β⊥ ; 〈τz〉Bk′‖α′ ≃Mk′‖,λ/Ek′‖α′ , (6)
where λ is the quantized momentum along the z-direction
in bulk band α′. Remarkably, the particle-hole asymme-
try parameter γ⊥ “polarizes” the surface orbitals along
z. This polarization is proportional to mγ⊥/β⊥, which
is the shift of the Dirac point away from the middle of
the bulk bandgap. In addition, 〈τz〉Sk‖α is largely inde-
pendent of k‖ and α [13], i.e. it is the same for the
upper and lower Dirac cones. In stark contrast, γ⊥ plays
3no role in the pseudospin polarization of the bulk bands
(because γ⊥ multiplies an identity matrix in Eq. (1)) and
〈τz〉B changes sign from the conduction to the valence
band. Consequently, when |γ⊥/β⊥| ∼ O(1) (i.e. when
the Dirac point is close to a bulk band edge), Eq. (5) pre-
dicts a strong asymmetry on the magnitude of SB scat-
tering matrix element between hole-doped and electron-
doped films (cf. Fig. 2). In Bi2Se3, this asymmetry
is more pronounced when the surface under consider-
ation is perpendicular to the quintuple layers, because
|γ⊥/β⊥| < |γ‖/β‖|.
The third term in the rhs of Eq. (5) can be interpreted
similarly. However, this term is less important than the
one preceding it because its contribution to the SB scat-
tering rate vanishes by symmetry in the cases of point
disorder and optical phonons.
Elastic bulk-surface coupling.– At low temperatures,
phonon-induced SB scattering is suppressed and ΓSB ≃
ΓimpSB . Using Eq. (5), the first line of Eq. (3) turns into [13]
Γk‖α,SB(ǫF ) ≃ |gimpeff |2νB(ǫF )
(
1 + 〈τz〉Sk‖α〈〈τz〉〉BǫF
)
,
(7)
where gimpeff ∝ gimp is an effective electron-disorder cou-
pling, νB(ǫF ) is the bulk density of states at the Fermi
level (per unit volume) and
〈〈τz〉〉BǫF ≡
1
νB(ǫF )
1
AL
∑
k′
‖
α′
ζα′〈τz〉Bk′
‖
α′δ(ξk′‖α′) (8)
is the Fermi surface average of the z−component of the
bulk orbital pseudospin (weighted with a factor ζα′).
Hence, the SB scattering rate is (i) sensitive to the rela-
tive pseudospin orientation of the surface and bulk states
at the Fermi level, and (ii) proportional to the bulk den-
sity of states at the Fermi level. The factor ζα′ is positive,
independent of γ⊥,‖ and independent of whether α
′ is a
conduction or valence band [13]. Near the bulk band
edges, ζα′ depends weakly on α
′. Because ζα′ > 0, the
SB scattering rate is greater if the bulk and orbital pseu-
dospins are aligned. As mentioned above, this effect is
especially prononunced if the surface Dirac point is close
to a bulk band edge.
Figure 3 illustrates the elastic SB scattering rate for
Bi2Se3. On one hand, there is a sequence of van Hove
singularities as a function of the Fermi level, because
the energy dispersions of quantum well states near the
bulk band edges have extrema at k‖ 6= 0 (cf. Fig. 1).
On the other hand, the SB scattering rate grows as the
Fermi level delves deeper into the bulk conduction or
valence bands. This is due to two reasons. First, the
number of bulk states available for scattering is greater
for larger |ǫF |. Second, the wave function overlap be-
tween bulk and surface states is stronger at higher en-
ergy because the penetration depth of the surface states
increases therein [13].
0.28 0.3 0.32
0
1
2
3
4
5
6
-0.195 -0.18
0
2
4
6
ΓSB
Γ 
(m
eV
)
ΓSS
ΓSS
ΓSB
Γ 
(m
eV
)
p-doped n-doped
εF(eV) εF(eV)
a) b)
0.28 0.3 0.320
2
4
6
Γ(
me
V)
L=100 A
L=200 A
L=400 A
0 20
2
4
-1.6 -0.80
0.8
n(1018 cm-3)
n(1018 cm-3)
l SB
/ l
SS
l SB
/ l
SS
p-doped
n-doped
εF(eV)
c ) d )
ΓSS
FIG. 3: (Color online) (a) Elastic (zero-temperature) SB
scattering rate in a 20 nm-thick hole-doped Bi2Se3 film, cal-
culated numerically from Eq. (3). The disorder strength is
chosen such that the surface state mean free path is about
50nm. ΓSB vanishes unless ǫF intersects bulk bands. For
comparison, the SS scattering rate is also shown. ΓSS de-
creases with |ǫF | because the increase in the density of states
is overcompensated by a reduction in the SS scattering ma-
trix element. (b) Same as (a), but for an electron-doped film.
(c) Same as (b), but for different film thicknesses. (d) (Top)
Ratio between the elastic SB and SS scattering lengths for a
20 nm-thick Bi2Se3 film as function of electron density. The
SB (SS) scattering length is defined via lSB(SS) =
√
DτSB(SS),
where D is the diffusion constant and τSB(SS) = 1/ΓSB(SS).
(Bottom) Same plot, as a function of hole density. For a typ-
ical value of lSS, lSB can be comparable to the typical phase
relaxation length lφ in weakly doped samples. For more highly
doped films, lSB ≪ lφ.
For comparison, Fig. 3 also shows the surface-to-
surface (SS) scattering rate. Since the wave function
overlap between a surface state and a bulk state is weaker
than the overlap of a surface state with itself, the SB
scattering rate is often lower than the SS scattering
rate. However, this difference decreases gradually with
increased bulk doping and turns insignificant when the
penetration depth of the “surface state” at the Fermi
level becomes comparable to the film thickness. Further-
more, the van Hove singularities in the bulk density of
states can overcompensate for the deficit in the SB ma-
trix elements, especially if the Fermi level is in the valence
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FIG. 4: Left: High-temperature ratio between the inelastic
SS and SB contributions to the Fermi-level electron-phonon
coupling constant λ, calculated numerically from Eq. (3) for
a 20 nm-thick Bi2Se3 film. The phonon frequency is ω0 =
30meV. Right: λ as a function of carrier density.
band. In Fig. 3c, we show that the SS scattering rate is
largely independent of film thickness (for L & 10nm) and
that the SB scattering rate depends on L through a rear-
rangement in the sequence of the van Hove singularities.
Our results have implications for low-field magnetore-
sistance experiments in TI films [3, 16]. These exper-
iments are often interpreted under the belief that the
SB scattering rate far exceeds the phase relaxation rate
in doped TIs without depletion layers. Although Fig. 3
corroborates this assumption for Bi2Se3 in all but very
weakly doped samples, it also adds two generic insights
that have gone unnoticed thus far. First, the bulk-surface
coupling depends sensitively on the carrier density and
on the film thickness because the van Hove singularities
shift as a function of these. In order to discern these sin-
gularities experimentally, the electronic mean free path
must exceed the film thickness. Second, the bulk-surface
coupling also depends on the degree to which particle-
hole symmetry is broken: the coupling is stronger in the
bulk band that is closest to the surface Dirac point.
Inelastic bulk-surface coupling.– At high temperature,
the SB scattering is dominated by phonons and hence
ΓSB ≃ ΓphSB. The phonon-induced SB scattering rate
is nonzero even in the insulating bulk regime, provided
that ǫF lies within ω0 from the bulk band edge (for opti-
cal phonons) or within a Debye frequency from the bulk
band edge (for acoustic phonons). For simplicity we con-
centrate on optical phonons, which are known to play an
important role in TIs [17]. Then, Eq. (3) yields [13]
Γk‖α,SB(ǫF ) ≃ |gpheff |2νB(ǫF+) [n(ω0) + f(ω0)]
×
(
1 + 〈τz〉Sk‖α〈〈τz〉〉BǫF+
)
+ (ǫF+ → ǫF−), (9)
where ǫF± = ǫF ± ω0, gpheff ∝ gph is an effective electron-
phonon coupling and 〈〈τz〉〉B was defined in Eq. (8). The
contribution from acoustic phonons has the same form,
provided that the quasi-elastic approximation holds [13].
Comparing Eqs. (7) and (9), it is apparent that the main
ideas from the preceding section hold here as well.
At temperature T & ω0, the measurement of the
Fermi-level surface-state broadening Γ in photoemission
experiments [19–23] allows to determine the dimension-
less electron-phonon coupling constant λ, defined as
λ = Γ/(2πkBT ) [24]. The knowledge of this quantity is
crucial to interpret transport and optical properties, as
well as possible superconducting instabilities. For doped
Bi2Se3, one group claims an “exceptionally” small value
of λ ≃ 0.1, while others disagree. Bulk-surface cou-
pling could be a relevant actor in this controversy. Since
Γ = ΓSS + ΓSB, we may write λ = λSS(1 + ΓSB/ΓSS),
where λSS is the intrinsic surface contribution [25] to λ.
In thin films, due to van Hove singularities in the SB
scattering rate, λ is much more sensitive than λSS to the
carrier density (cf. Fig. 4) and to the film thickness.
Consequently, the measured λ varies significantly even
between samples of similar characteristics (cf. Fig. 4),
and can reach ≃ 0.2 even when λSS ≃ 0.1.
At temperature T < ω0, optical phonons are expo-
nentially suppressed and ΓphSB is dominated by acoustic
phonons. If ǫF is within the bulk gap and a distance ∆
away from the bulk band edge, ΓphSB/Γ
ph
SS ∝ exp(−∆/T )
at T < ∆. In contrast, if ǫF intersects one or more bulk
bands, we find [13] ΓphSB ∝ T 3 for csq− ≪ T ≪ 2cskF .
Here, cs is the sound velocity, q− is the distance (in mo-
mentum space) between the surface band and the near-
est bulk band at the Fermi level, and kF is the Fermi
momentum on the surface band. In this range of tem-
perature, ΓphSB/Γ
ph
SS is independent of T . When T < csq−,
ΓphSB vanishes while Γ
ph
SS still varies as T
3. At low enough
temperature, the inelastic SB scattering is dominated by
Coulomb interactions, not included herein.
Conclusions.– We have presented the first microscopic
theory of bulk-surface coupling in topological insulator
films and have distilled simple guiding principles that
govern it. Two of our predictions may help interpret
transport and photoemission experiments in Bi2Se3 and
related materials: (i) the bulk-surface coupling is sensi-
tive to the relative orientation of the orbital pseudospin
of the bulk and surface states, (ii) the bulk-surface cou-
pling can alter the measured electron-phonon coupling of
the surface states at the Fermi level by up to 50 %.
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6SUPPLEMENTARY MATERIAL
A. Phonon-induced scattering rate in a topological insulator film
The objective of this section is to derive the second and third lines of Eq. (3) in the main text. We begin with the
simplest Hamiltonian for the electron-phonon interaction:
Hep =
∫
drρ(r)Φ(r), (10)
where ρ(r) = Ψ(r)†Ψ(r) is the electron density operator,
Φ(r) =
∑
q
eiq·rgphq eq(aq + a
†
−q) (11)
is the potential generated by long wavelength lattice vibrations, gphq is the electron-phonon coupling (with units of
energy), aq is an operator that annihilates a phonon with momentum q and eq is the polarization vector of the
vibration mode with momentum q. Here, we consider only the coupling between electrons and bulk longitudinal
phonons. The assumption of bulk phonons means that we ignore phonon quantization effects. The fact that we
consider electronic confinement while neglecting phonon confinement is not a contradiction when the topological
insulator is grown on a substrate that is electrically insulating but thermally conducting (which is the case in many
experiments).
Next, we write Ψ(r) in the eigenstate basis,
Ψ(r) =
∑
k‖α
φk‖α(r)ck‖α, (12)
where ck‖α annihilates an electron in band α (which may be either a surface band or a bulk band) with momentum
k‖. Then, the density operator can be written as
ρ(r) =
∑
k‖α,k
′
‖
α′
φ∗k‖α(r)φk′‖α′(r)c
†
k‖α
ck′
‖
α′ . (13)
For system with broken translational symmetry in the z direction, φk‖n(r) reads
φk‖α(r) = φk‖α(r‖, z) =
1√
A
eik‖.r‖uk‖α(r‖, z), (14)
where A is the area of the crystal in the xy plane. Substituting Eq. (14 )in Eq. (13), we obtain
ρ(r) =
1
A
∑
k‖α,k
′
‖
α′
e−i(k‖−k
′
‖).r‖u∗k‖α(r)uk′‖α′(r)c
†
k‖α
ck′
‖
α′ . (15)
In momentum space,
ρ(q) =
∫
dr eiq·rρ(r) =
1
A
∑
k‖α,k
′
‖
α′
〈uk‖α|e−i(k‖−k
′
‖−q‖).r‖eiqzz|uk′
‖
α′〉c†k‖αck′‖α′ . (16)
Assuming that the surface of the film is not abrupt at the atomic lengthscale, we may invoke the envelope function
approximation. In this approximation, we may expand uk‖α(r) as
uk‖α(r) =
4∑
j=1
aαj(k‖, z)u0j(r), (17)
where the coefficients {aαj(k‖, z)} are obtained by diagonalizing Eq. (1) in the main text and {u0j(r)} are the wave
functions corresponding to the basis states. Here, j ∈ {|P1 ↑〉, |P1 ↓〉, |P2 ↑〉, |P2 ↓〉}, where ↑ (↓) is the direction of
spin and P1(P2) are two orbitals of opposite parity under spatial inversion. The functions aαj(k‖, z) change slowly
7at the atomic lengthscale, while the functions u0j(r) change rapidly. The normalization condition for the envelope
function spinors reads ∫ L/2
−L/2
dz
∑
j
|aαj(k‖, z)|2 = 1, (18)
provided that
1
Vcell
∫
cell
dr |u0j(r)|2 = 1, (19)
where Vcell is the volume of the unit cell. It is useful to prove this relation explicitly. We begin from the normalization
condition for the full Bloch’s function, 〈φk‖α|φk‖α〉 = 1. Then,
1 =
∫
drφ∗k‖α(r)φk‖α(r) =
1
A
∑
jj′
∫
dr‖dz a
∗
jα(k‖, z)aj′α(k‖, z)u
∗
0j(r)u0j′ (r)
=
1
A
∑
jj′
∑
R‖
∑
Z
∫
cell
dr‖dz a
∗
jα(k‖, z + Z)aj′α(k‖, z + Z)u
∗
0j(r‖ +R‖, z + Z)u0j′(r‖ +R‖, z + Z)
=
Ncell
A
∑
jj′
∑
Z
∫
cell
dr‖dz a
∗
jα(k‖, z + Z)aj′α(k‖, z + Z)u
∗
0j(r‖, z + Z)u0j′(r‖, z + Z)
≃ Ncell
A
∑
jj′
∑
Z
a∗jα(k‖, Z)aj′α(k‖, Z)
∫
cell
dr‖dzu
∗
0j(r‖, z)u0j′(r‖, z)
=
Ncell
A
∑
jj′
∑
Z
a∗jα(k‖, Z)aj′α(k‖, Z)Vcellδjj′
≃ NcellVcell
ALzcell
∑
j
∫ L/2
−L/2
dZ|ajα(k‖, Z)|2 =
∑
j
∫ L/2
−L/2
dZ|ajα(k‖, Z)|2. (20)
In this derivation, we have defined R‖ and Z as the coordinates that label the centers of the unit cells of the crystal in
the xy plane and along the z direction, respectively. Also, Ncell is the number of unit cells in the xy plane (for fixed z),
Acell is the area of the unit cell in the xy plane, and L
z
cell is the length of the unit cell along the z direction. Moreover,
we have used the envelope wavefunction approximation, which leads to two simplifications. First, the variation of
anj(z) within a unit cell is negligible, i.e. aαj(k‖, z + Z) ≃ aαj(k‖, Z). Second, the rapidly varying atomic wave
functions are not appreciably altered by the presence of the surface, i.e. u0j(r‖, z + Z) ≃ u0j(r‖, z). Keeping these
approximations in mind, we can simplify the matrix element appearing in the expression for ρ(q):
〈uk‖α|e−i(k‖−k
′
‖−q‖).r‖eiqzz|uk′
‖
α′〉 ≃ δk′
‖
,k‖−q‖〈uk‖α|eiqzz |uk′‖α′〉. (21)
Here, we have used
∑
R‖
exp(ip‖ ·R‖) = Ncell
∑
G‖
δp‖,G‖ , where G‖ is the reciprocal lattice vector in the xy plane,
and we have ignored Umklapp (G 6= 0) terms. The neglect of Umklapp processes is well justified when calculating the
surface-to-bulk scattering in weakly doped topological insulators, where the momenta involved are small compared to
the size of the Brillouin zone.
Combining Eq. (16) with (21), we obtain
ρ(q) =
1
A
∑
k‖α,α′
〈uk‖α|eiqzz |uk‖−q‖α′〉c†k‖αck‖−q‖α′ . (22)
We now treat Eq. (10) as a perturbation in the S-matrix expansion of the Green’s function (see Ref. [14] in the main
text). Keeping only the leading order correction in the expansion, we obtain the self-energy
Σphαk‖,α′k‖(iω) = −T
∑
k′α′′,νm
F phk‖α,k′α′′(F
ph)∗k‖α′,k′α′′G
(0)
k′
‖
α′′(iω − iνm)D
(0)
k‖−k
′
‖
,k′
z
(iνm), (23)
where k′ = (k′‖, k
′
z) (note that we have made a change of variable qz → k′z) and
F phk‖α,k′α′ = g
ph
k‖−k
′
‖
,k′
z
〈uk‖α|eik
′
z
z |uk′
‖
α′〉/A (24)
8is the electron-phonon scattering matrix element, G(0) and D(0) are the unperturbed electron and phonon Green’s
functions (respectively), ωl = (2l + 1)πT (l ∈ Z) is the fermionic Matsubara frequency at temperature T , and
νm = 2mπT (m ∈ Z) is the bosonic Matsubara frequency. The label α′′ denotes the intermediate bands that an
electron can scatter to and comprises both bulk and surface bands.
In this work we are interested in the transport lifetimes of surface states. Accordingly, we restrict ourselves to
α = α′ ∈ S and we use the abbreviation Σαα ≡ Σα. In Eq. (23), it is convenient to separate out intermediate states
α′′ into surface and bulk bands,
Σphk‖α(iω) = Σ
ph
k‖α,SS
(iω) + Σphk‖α,SB(iω). (25)
After summing over bosonic Matsubara frequencies, we get
Σphk‖α,SS(iω) =
∑
k′α′∈S
|F ph
k‖α,k
′
‖
α′ |2
[
1 + n(ωk′
‖
−k‖,k′z
)− f(ξk′
‖
α′)
iω − ξk′
‖
α′ − ωk′
‖
−k‖,k′z
+
n(ωk′
‖
−k‖,k′z
) + f(ξk′
‖
α′)
iω − ξk′
‖
α′ + ωk′
‖
−k‖,k′z
]
Σphk‖α,SB(iω) =
∑
k′α′∈B
|F ph
k‖α,k
′
‖
α′ |2
[
1 + n(ωk′
‖
−k‖,k′z
)− f(ξk′
‖
α′)
iω − ξk′
‖
α′ − ωk′
‖
−k‖,k′z
+
n(ωk′
‖
−k‖,k′z
) + f(ξk′
‖
α′)
iω − ξk′
‖
α′ + ωk′
‖
−k‖,k′z
]
, (26)
where ξkα is the electronic energy measured from the Fermi level, n(ǫ) = 1/(exp(ǫ/T )− 1) is the phonon occupation
factor and f(ǫ) = 1/(exp(ǫ/T )+1) is electron occupation factor. Doing the analytical continuation (iω → ω+i0+) and
taking the imaginary part of the self-energy, we arrive at the phonon-induced scattering rate shown in the main text
(Eq. (3)). The first line in Eq. (26) gives the intrasurface scattering rate, while the second line gives the surface-to-bulk
scattering rate. In order to obtain scattering rates at the Fermi surface, we set ω = 0.
B. Disorder-induced scattering rate in a topological insulator film
The objective of this section is to derive the first line of Eq. (3) in the main text. We consider non-magnetic
impurities that are also independent of the orbital quantum number. This implies that the random impurity potential
U(r) varies slowly at the atomic lengthscale. The Hamiltonian for electrons interacting with such impurities is
Himp =
∫
drU(r)ρ(r) =
1
A
∑
q
Uq〈uk‖α|e−i(k‖−k
′
‖−q‖)·r‖eiqzz|uk′
‖
α′〉
=
1
A
∑
k‖α,k′α′
Uk‖−k′‖,k′z 〈uk‖α|e
ik′
z
z|uk′
‖
α′〉c†k‖αck′‖α′ , (27)
where we have used the same envelope function approximation of the preceding section. To second order in Hdis, the
electronic Green’s function is given by
Gk‖α,k′‖α′(iω) = G
(0)
k‖α
(iω) δαα′δk‖,k′‖ +G
(0)
k‖α
(iω) δUk‖α,k′‖α′ G
(0)
k′
‖
α′(iω)
+G
(0)
k‖α
(iω)G
(0)
k′′
‖
α′′(iω)
∑
k′′
‖
α′′
δUk‖α,k′′‖α′′δUk
′′
‖
α′′,k′
‖
α′ G
(0)
k′
‖
α′(iω), (28)
where
δUk‖α,k′‖α′ ≡
1
A
∑
k′
z
Uk‖−k′‖,k′z〈uk‖α|e
ik′
z
z|uk′
‖
α′〉. (29)
Next, we average over different realizations of the random potential. Using Uk = 0 and Uk‖kzUk′‖k′z =
(gimpk‖kz )
2δk‖,−k′‖δkz,−k′z , we arrive at
Gk‖α,k′‖α′(iω) = G
(0)
k‖α
(iω) δαα′δk‖,k′‖ + δk‖,k
′
‖
G
(0)
k‖α
(iω)G
(0)
k‖α′
(iω)
∑
k′′α′′
F impk‖α,k′′α′′(F
imp)∗k‖α′,k′′α′′G
(0)
k′′
‖
α′′(iω), (30)
where
F impk‖α,k′α′ = g
imp
k‖−k
′
‖
,k′
z
〈uk‖α|eik
′
z
z|uk′
‖
α′〉/A. (31)
9The underlying assumption in this derivation is that the average over disorder configurations is not altered by the
broken translational invariance along the z direction.
From Eq. (30), we may directly read out the electron self-energy. Since we are interested in the lifetime of a surface
electron in band α, we take α = α′ hereafter. Like in the preceding section, we separate the self-energy into an
intrasurface and a surface-to-bulk part,
Σimpk‖α(iω) = Σ
imp
k‖α,SS
(iω) + Σimpk‖α,SB(iω), (32)
where
Σimp
k‖α,SB(SS)
(iω) =
∑
k′′α′′∈B(α′′∈S)
|F impk‖α,k′′α′′ |2G
(0)
k′′
‖
α′′(iω) (33)
By analytically continuing Eq. (33) and taking the imaginary part of the resulting expression, we arrive at the
disorder-induced scattering rate shown in Eq. (3) of the main text.
C. Surface-to-bulk scattering matrix elements: analytical expressions
The objective of this section is to derive Eq. (5) of the main text. The starting point is to solve the 4 × 4 matrix
Hamiltonian H(k‖, ∂z) in Eq. (1) of the main text. This can be done analytically at k‖ = 0 (cf. Ref. [12] in the main
text). In the basis {P1 ↑, P1 ↓, P2 ↑, P2 ↓}, the eigenfunctions read
ψn,+↑ = N
n,+


β+η
n,+
1 f
n,+
1
0
iv⊥f
n,+
2
0

 , ψn,−↑ = Nn,−


β+η
n,−
2 f
n,−
2
0
iv⊥f
n,−
1
0

 ,
ψn,+↓ = N
n,+


0
β+η
n,+
1 f
n,+
1
0
−iv⊥fn,+2

 , ψn,−↓ = Nn,−


0
β+η
n,−
2 f
n,−
2
0
−iv⊥fn,−1

 , (34)
where ± in the superscript denotes positive and negative energy solutions (with eigenenergies E+,n and E−,n, respec-
tively), ↑ (↓) is the spin direction (spin is a good quantum number at k‖ = 0) , Nn,± are the normalization constants
and β± ≡ β⊥ ± γ⊥.
The eigenfunctions in Eq. (34) can represent both surface and bulk states. When referring to bulk states, the index
n represents the n−th quantum well state. States with different n are orthogonal to one another. In the main text, as
well as in the previous sections of this Supplementary Material, we have used α to label different eigenstates. In case
of bulk states, this α may be understood as a “composite” label that describes one of the four eigenstates in Eq. (34)
(or their appropriate generalizations to finite k‖) together with the quantum well label n. When referring to surface
states, the index n is superfluous (it is pinned to a single value) and can be ignored.
Returning to Eq. (34), fn,±1,2 and η
n,±
1,2 are given by
fn,±1 =
sinh(λn,±1 z)
sinh(λn,±1 L/2)
− sinh(λ
n,±
2 z)
sinh(λn,±2 L/2)
; fn,±2 =
cosh(λn,±1 z)
cosh(λn,±1 L/2)
− cosh(λ
n,±
2 z)
cosh(λn,±2 L/2)
ηn,±1 =
(λn,±1 )
2 − (λn,±2 )2
λn,±1 coth(λ
n,±
1 L/2)− λn,±2 coth(λn,±2 L/2)
; ηn,±2 =
(λn,±1 )
2 − (λn,±2 )2
λn,±1 tanh(λ
n,±
1 L/2)− λn,±2 tanh(λn,±2 L/2)
. (35)
Here, λ1 and λ2 are defined via
λn,±1 =
√
(Fn,± −
√
Rn,±)/(2β+β−) , λ
n,±
2 =
√
(Fn,± +
√
Rn,±)/(2β+β−), (36)
where Fn,± = v2⊥ + β+(E
n,± −m)− β−(En,± +m), Rn,± = (Fn,±)2 + 4β+β−((En,±)2 −m2). In order to obtain the
eigenenergies En,±, we solve the following transcendental equations [12]:
m+ β+(λ
n,+
2 )
2 + En,+
m+ β+(λ
n,+
1 )
2 + En,+
=
λn,+2 tanh(λ
n,+
1 L/2)
λn,+1 tanh(λ
n,+
2 L/2)
m+ β+(λ
n,−
2 )
2 + En,−
m+ β+(λ
n,−
1 )
2 + En,−
=
λn,−2 tanh(λ
n,−
2 L/2)
λn,−1 tanh(λ
n,−
1 L/2)
. (37)
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For surface state solutions, λ1 and λ2 are complex conjugates of each other and their real parts (which are nonzero)
give the inverse penetration depth into the bulk. For bulk state solutions, λ1 is purely imaginary and |λ1| plays the
role of a quantized momentum along the z direction, while λ2 may be either real or purely imaginary. When λ2 is
real, it may be understood as the inverse “healing length” of the bulk state wave functions, which go from zero at
z = ±L/2 to a regular oscillatory (standing wave) behavior deeper into the film. If the values of the band parameters
are such that the energy bands of the infinite crystal at k‖ = 0 have an absolute minimum at nonzero kz , then for a
thin film geometry there will be some solutions with purely imaginary λ2. For these solutions, |λ1| and |λ2| play the
role of the two different momenta that result in the same energy.
The next step is to obtain the eigenfunctions at finite k‖, using perturbation theory. For the bulk states, we obtain
Ψk‖1n = Nn(ψ
n,+
↑ +
vnk+
ǫk‖n +mk‖n
ψn,−↓ )
Ψk‖2n = Nn(ψ
n,+
↓ +
−vnk−
ǫk‖n +mk‖n
ψn,−↑ )
Ψk‖3n = Nn(ψ
n,−
↑ +
v∗nk+
ǫk‖n +mk‖n
ψn,+↓ )
Ψk‖4n = Nn(ψ
n,−
↓ +
−v∗nk−
ǫk‖n +mk‖n
ψn,+↑ ), (38)
where (1, 2) and (3, 4) correspond to two degenerate conduction and valence bands, respectively (not to be confused
with the labels 1 and 2 that appear in λ and η), Nn is the normalization constant, k± ≡ kx ± ky,
vn ≡ v‖〈ψn,+↑ |σx|ψn,−↓ 〉 (39)
is an effective in-plane Dirac velocity,
ǫk‖n ≡
√
m2k‖n + |vn|2k‖
2 (40)
is an effective band energy and
mk‖n ≡
En,+ − En,−
2
−
β‖k
2
‖
2
(ψn,+↑ |σz|ψn,+↑ 〉 − 〈ψn,−↓ |σz |ψn,−↓ 〉) (41)
is an effective Dirac mass. For the band parameters of Bi2Se3 and related materials, we find that vn is purely
imaginary.
Equation (38) has been obtained from an effective Hamiltonian computed to leading order in k‖; hence the above
results are valid only up to terms of order k2‖ . Besides, we have neglected the matrix elements of the perturbation
mixing different quantum well states (i.e. n and n′ 6= n). We have verified numerically that the thicker the film is, the
better this approximation holds. Ultimately, for a film with infinite thickness, the quantum well state index becomes
a standing wave involving momenta ±kz, and it is clear that matrix elements connecting ±kz with ±k′z are nonzero
only if kz = k
′
z . Our approximation, justifiable except for the thinnest films, is needed in order to make analytical
progress in the rest of this section. However, the numerical results presented in the main text do not rely on it because
in those cases we have used the exact solutions of H(k‖, z).
Next, let us find the surface eigenfunctions at finite k‖. The surface wave functions in Eq. (34) have nonzero
projections onto both surfaces of the film. However, for all but ultrathin films, the surface eigenfunctions are practically
degenerate at k‖ = 0. This allows us to choose linear combinations of degenerate surface wavefunctions such that the
resulting wave functions have all their weight on only one surface of the film. For example, in Eq. (34), ψ+↑(↓) + ψ
−
↑(↓)
is localized on the top surface, whereas ψ+↑(↓)−ψ−↑(↓) is localized on the bottom surface (recall that, for surface states,
we suppress the index n because it is superfluous). From here on, we will concentrate on the surface states localized
on the top surface. At finite k‖, the wave function for the surface state localized on the top surface reads
ΨSk‖c = Ns


β+λse
−iθk‖
iβ+λs
iv⊥e
−iθk‖
v⊥

 fs , ΨSk‖v = Ns


β+λse
−iθk‖
−iβ+λs
iv⊥e
−iθk‖
−v⊥

 fs, (42)
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where fs = (f1 + f2), tan(θk‖) = ky/kx, Ns is the normalization constant and c(v) labels the upper (lower) Dirac
cone. In the large L limit, we have λs = λ1 + λ2 = v⊥/
√
β+β−. Here, we have omitted the superscript ± in λ1 and
λ2, because λ
+
1(2) = λ
−
1(2) as can be seen from Eq. (37) by recognizing that all surface states are degenerate at k‖ = 0.
Having obtained the eigenfunctions ofH(k‖, z), we are ready to compute surface-to-bulk scattering matrix elements.
To be explicit, we consider an electron on surface band c and calculate the corresponding matrix elements for scattering
into the bulk. We arrive at
Fk‖c,k′1n′ ≡ 〈ΨSk‖c|eik
′
z
z |Ψk′
‖
1n′〉 = NsNn′
(
e
iθk‖Ak′
z
,n′ − i
vn′k
′
+
ǫk′
‖
n′ +mk′
‖
n′
Bk′
z
,n′
)
Fk‖c,k′2n′ ≡ 〈ΨSk‖c|eik
′
z
z |Ψk′
‖
2n′〉 = NsNn′
(
−vn′k′−
ǫk′
‖
n′ +mk′
‖
n′
e
iθk‖Bk′
z
,n′ − iAk′
z
,n′
)
Fk‖c,k′3n′ ≡ 〈ΨSk‖c|eik
′
z
z |Ψk′
‖
3n′〉 = NsNn′
(
e
iθk‖Bk′
z
,n′ − i
v∗n′k
′
+
ǫk′
‖
n′ +mk′
‖
n′
Ak′
z
,n′
)
Fk‖c,k′4n′ ≡ 〈ΨSk‖c|eik
′
z
z |Ψk′
‖
4n′〉 = NsNn′
(
−v∗n′k′−
ǫk′
‖
n′ +mk′
‖
n′
e
iθk‖Ak′
z
,n′ − iBk′
z
,n′
)
, (43)
where
Ak′
z
,n′ = N
n′,+
[
β2+η
n′,+
1 λs
∫
(fn
′,+
1 )
∗fs e
ik′
z
zdz + v2⊥
∫
(fn
′,+
2 )
∗fs e
ik′
z
zdz
]
Bk′
z
,n′ = N
n′,−
[
β2+η
n′,−
2 λs
∫
(fn
′,−
2 )
∗fs e
ik′
z
zdz + v2⊥
∫
(fn
′,−
1 )
∗fs e
ik′
z
zdz
]
(44)
and the z−integration runs from −L/2 to +L/2. The first two lines in Eq. (43) describe transitions from the upper
Dirac cone on the surface to a bulk conduction band. The last two lines describe transitions from the upper Dirac
cone on the surface to a bulk valence band. Typically the latter transitions do not enter directly in physical quantities
(because the largest phonon frequency is small compared to the bulk bandgap in most topological materials); however,
they will be useful below in order to derive Eq. (5) of the main text.
The relation between F in Eq. (43) and the expression from Eq. (4) in the main text is
∑
F = F imp(ph)/gimp(ph),
where the sum is over the two degenerate bulk bands. The appearance of this sum is natural, because each bulk state
is doubly degenerate (i.e. 1n′ and 2n′ are degenerate, as are 3n′ and 4n′). For that reason, when computing the
SB scattering rate of a surface electron in band c, the matrix element that matters is |Fk‖c,k′1n′ |2 + |Fk‖c,k′2n′ |2, or
|Fk‖c,k′3n′ |2+ |Fk‖c,k′4n′ |2 (although, as mentioned above, the latter does not contribute in most toplogical materials).
With this in mind, we concentrate on the following expression:
∣∣Fk‖c,k′1n′ ∣∣2 + ∣∣Fk‖c,k′2n′ ∣∣2
= N2sN
2
n′
(
2|Ak′
z
,n′ |2 + 2|Bk′
z
,n′ |2
|vn′ |2k′‖2
(ǫk′
‖
n′ +mk′
‖
n′)2
+ |vn′ |
(B∗k′
z
,n′Ak′z ,n′ + c.c.)(k
′
−e
iθk‖ + c.c.)
(ǫk′
‖
n′ +mk′
‖
n′)
)
, (45)
where in the last term we have used vn′ = i|vn′ |. Similarly, we can calculate
∣∣Fk‖c,k′3n′ ∣∣2 + ∣∣Fk‖c,k′4n′ ∣∣2
= N2sN
2
n′
(
2|Bk′
z
,n′ |2 + 2|Ak′
z
,n′ |2
|vn′ |2k′‖2
(ǫk′
‖
n′ +mk′
‖
n′)2
− |vn′ |
(Ak′
z
,n′B
∗
k′
z
,n′ + c.c.)(k
′
−e
iθk‖ + c.c.)
(ǫk′‖n′ +mk′‖n′)
)
. (46)
The differences and similarities between Eqs. (45) and (46) are suggestive of a simple underlying mathematical
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structure. In order to uncover it, we write
|Fk‖c,k′1n′ |2 + |Fk‖c,k′2n′ |2
=
1
2
(|Fk‖c,k′1n′ |2 + |Fk‖c,k′2n′ |2 + |Fk‖c,k′3n′ |2 + |Fk‖c,k′4n′ |2)+ 12 (|Fk‖c,k′1n′ |2 + |Fk‖c,k′2n′ |2 − |Fk‖c,k′3n′ |2 − |Fk‖c,k′4n′ |2)
= N2s (|Ak′z ,n′ |2 + |Bk′z ,n′ |2)

1 + |Ak′z ,n′ |2 − |Bk′z,n′ |2|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2
(1− |vn′ |
2k′‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
+
2|vn′ |(Ak′
z
,n′B
∗
k′
z
,n′ + c.c.)
(|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2)
k′x cos(θk‖) + k
′
y sin(θk‖)
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )(ǫk′
‖
n′ +mk′
‖
n′)

 (47)
and
|F imp(ph)k‖c,k′3n′ |2 + |F
imp(ph)
k‖c,k′4n′
|2
=
1
2
(|Fk‖c,k′3n′ |2 + |Fk‖c,k′4n′ |2 + |Fk‖c,k′1n′ |2 + |Fk‖c,k′2n′ |2)+ 12 (|Fk‖c,k′3n′ |2 + |Fk‖c,k′4n′ |2 − |Fk‖c,k′1n′ |2 − |Fk‖c,k′2n′ |2)
= N2s (|Ak′z ,n′ |2 + |Bk′z ,n′ |2)

1− |Ak′z ,n′ |2 − |Bk′z,n′ |2|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2
(1− |vn′ |
2k′‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
−
2|vn′ |(Ak′
z
,n′B
∗
k′
z
,n′ + c.c.)
(|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2)
k′x cos(θk‖) + k
′
y sin(θk‖)
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )(ǫk′
‖
n′ +mk′
‖
n′)

 (48)
The last two terms in Eqs. (47) and (48) differ in sign; it turns out that this difference can be ascribed to the change
in the expectation value of certain operators when going from the bulk conduction band to the bulk valence band.
We guess the answer to be of the form
(|Ak′
z
,n′ |2 − |Bk′
z
,n′ |2)
(|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2)
(1− |vn′ |
2k′‖
2
(ǫ
k′
‖
n′+mk′
‖
n′ )
2 )
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′ )
2 )
= ξk′
z
,n′〈τz〉Sk‖c〈τz〉Bk′‖1n′ (49)
2|vn′ |(Ak′
z
,n′B
∗
k′
z
,n′ + c.c.)
(|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2)
k′x cos(θk‖) + k
′
y sin(θk‖)
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )(ǫk′
‖
n′ +mk′
‖
n′)
= ξ′k′
z
,n′
∑
i∈{x,y,z}
〈σiτx〉Sk‖c〈σiτx〉Bk′‖1n′ . (50)
Next, we will justify our guess. First, let us discuss Eq. (49). On the right hand side (rhs), 〈τz〉Sk‖c is given by
〈τz〉Sk‖c = 〈uk‖c∈S|τz |uk‖c∈S〉/A = 〈ΨSk‖c|τz |ΨSk‖c〉 = 2N2s (β2+λ2s − v2⊥)
∫
|fs(z)|2dz =
(β2+λ
2
s − v2⊥)
(β2+λ
2
s + v
2
⊥)
=
γ⊥
β⊥
, (51)
where we have used Eq. (42) and assumed γ⊥ ≤ β⊥. For γ⊥ > β⊥, the surface Dirac point would buried be into
the k‖ = 0 bulk band and 〈τz〉Sk‖c = β⊥/γ⊥. In this work, the case of interest is γ⊥ ≤ β⊥. Note that 〈τz〉Sk‖c
is independent of k‖. While this result has been derived perturbatively for small k‖, we have checked (by solving
H(k‖, z) numerically) that the dependence of 〈τz〉Sk‖c on k‖ is rather weak for a wide interval of k‖.
Similarly, 〈τz〉B
k′
‖
1n′ on the rhs of Eq. (49) is given by
〈τz〉Bk′
‖
1n′ =
(1− |vn′ |
2k′‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
mλ1n′
ǫλ1n′
≃
Mk′
‖
,λ1
Ek′
‖
,1n′
, (52)
13
0 0.2 0.40
0.2
0.4
0.6
0 0.2 0.40.8
0.9
1
0 0.2 0.41
1.1
1.2
|A n
 k
z|2 -
|B  
n
 k
z|2 ξ n 
k z
γ⊥/β⊥ γ⊥/β⊥ γ⊥/β⊥
<
τ z
>
B
|A n
 k
z|2 +
|B  
n
 k
z|2
FIG. 5: (Left) Plot of lhs of Eq. (49) (at k‖ = 0) as a function of γ⊥/β⊥, for fixed n
′ and k′z. (Center) 〈τ
z〉B
k′n′ as a function
of γ⊥/β⊥ (β⊥ is kept fixed, while γ⊥ is varied). (Right) ξn′k′
z
as a function of γ⊥/β⊥ (β⊥ is kept fixed, while γ⊥ is varied).
where mλ1n = m − β⊥|λn,+1 |2, ǫλ1n =
√
m2λ1n + v
2
⊥|λn,+1 |2, Mk‖,λ1 = mλ1n − β‖k2‖ and Ek‖,1n′ =√
v⊥|λn,+1 |2 + v‖k2‖ +M2k‖,λ1 . In the derivation of Eq. (52), we have used Eq. (38) and have considered the case of real
λ2 and purely imaginary λ1. This case comprises many situations of interest and serves to illustrate our calculation. In
addition, we have used the following relations: Nn,+v⊥ = N
n,−β+η
n,−
2 and η
n,+
1 η
n,+
2 = η
n,−
1 η
n,−
2 = v
2
⊥/β
2
+. The latter
relation is generally valid, whereas the former relation relies on λn,+1 ≃ λn,−1 , which is satisfied even when particle-hole
symmetry is strongly broken. The last equality in Eq. (52) has been derived for bulk states close to the bulk band edge
and close to the Brillouin zone center. This is a relevant situation for the study of bulk surface coupling. It is also worth
noting that 〈τz〉B
k′
‖
1n′ is independent of the presence or absence of particle-hole symmetry (as expected from the matrix
structure of Eq. (1) in the main text). Finally, we remark that 〈τz〉B
k′
‖
1n′ = 〈τz〉Bk′
‖
2n′ = −〈τz〉Bk′
‖
3n′ = −〈τz〉Bk′
‖
4n′ ; this
will be useful below.
In order to justify Eq. (49), we present the following three statements:
(1) For some fixed n′ and k′z , we find numerically that the lhs of Eq. (49) varies linearly with γ⊥, as shown in
Fig. 5a. In particular, the lhs changes sign when γ⊥ changes sign. In view of Eq. (51), this suggests that the lhs of
Eq. (49) is proportional to 〈τz〉Sk‖c. Note that the presence of 〈τz〉Bk′‖c and ξk′z ,n′ on the rhs does not spoil our guess
because both are largely independent of γ⊥/β⊥ as shown in Fig. 5b and 5c .
(2) The proportionality of the left hand side (lhs) of Eq. (49) to 〈τz〉B
k′
‖
1n′ is partly justified on the basis that
the second terms in the right hand side of Eqs. (47) and (48) have opposite signs. Given that Eq. (47) describes a
transition to bulk conduction band whereas Eq. (48) describes transitions to a bulk valence band, the change in sign
between the two can be ascribed to the fact that 〈τz〉B changes sign from the conduction to the valence band. Another
way to see that the lhs of Eq. (49) is proportional to 〈τz〉B
k′
‖
1n′ is to observe the equal k‖-dependence of Eqs. (49) and
(52). Note that the presence of 〈τz〉S
k′
‖
c and ξk′z ,n′ on the rhs does not spoil our guess because both are independent
of k‖.
(3) Let us suppose for a moment that we take periodic boundary conditions for the bulk states. This would yield
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the following bulk eigenstates (taking m > 0 by convention):
Ψk‖,1kz = N


1
0
v⊥kz
ǫk+Mk
v‖k+
ǫk+Mk

 eikzz; Ψk‖,2kz = N


0
1
v‖k−
ǫk+Mk
−v⊥kz
ǫk+Mk

 eikzz; Ψk‖,3kz = N


−v⊥kz
ǫk+Mk
−v‖k+
ǫk+Mk
1
0

 eikzz; Ψk‖,4kz = N


−v‖k−
ǫk+Mk
v⊥kz
ǫk+mk
0
1

 eikzz,
(53)
where k = (k‖, kz). If we combine these bulk states with the surface states of Eq. (42), we obtain
|Fk‖c,k′1|2 + |Fk‖c,k′2|2 ∝ 1 + 〈τz〉Sk‖c〈τz〉Bk′1 +
∑
i∈{x,y,z}
〈σiτx〉Sk‖c〈σiτx〉Bk′1 (54)
by direct calculation. Comparing this expression with Eqs. (49) and (50), we conclude that the appearance of ξn′,k′
z
and ξ′n′,k′
z
is a manifestation of the open boundary conditions for the bulk states, which complicates the analytical
treatment of the matrix elements. However, Eq. (54) is highly suggestive that the structure unveiled in Eqs. (49) and
(50) is correct.
Next, let us discuss Eq. (50). In the rhs of the equation, 〈σiτx〉Sk‖c (i = x, y, z) are obtained as
〈σxτx〉Sk‖c =
√
β+β−
β⊥
cos(θk‖) ; 〈σyτx〉Sk‖c =
√
β+β−
β⊥
sin(θk‖) ; 〈σzτx〉Sk‖c = 0, (55)
where we have used λs = v⊥/
√
β+β−. The counterparts for the bulk states are
〈σxτx〉Bk′
‖
1n′ ≃
2|vn′ |k′x
(ǫk′
‖
n′ +mk′
‖
n′)
1
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
; 〈σyτx〉Bk′
‖
1n′ ≃
2|vn′ |k′y
ǫk′
‖
n′ +mk′
‖
n′
1
(1 +
|v
n′ |
2k′
‖
2
(ǫ
k′
‖
n′+mk′
‖
n′)
2 )
; 〈σzτx〉Bk′
‖
1n′ ≃ 0,
(56)
where similar approximations and assumptions as in Eq. (52) have been used.
The justification of Eq. (50) can be done along the same lines as that of Eq. (49). In particular, the statement #
3 made above holds for Eq. (50) too, as is apparent from Eq. (54). Another evidence in favor of Eq. (50) is that the
dependence of its rhs on k‖ exactly matches with that of its lhs; in order to see this, it suffices to combine Eqs. (55)
and (56).
Having proven Eqs. (49) and (50), the derivation of Eq. (5) in the main text becomes immediate. All one has to do
is to repeat the preceding calculations for the case of a surface electron in band v, and verify that the guess presented
above holds. In order to do that, one must use the following relations:
(i) 〈τz〉Sk‖c = 〈τz〉Sk‖v (i.e. the expectation value of the orbital pseudospin on the surface is the same for the upper
and lower halfs of the Dirac cone),
(ii) 〈τz〉B
k′
‖
1n′ = 〈τz〉Bk′
‖
2n′ = −〈τz〉Bk′
‖
3n′ = −〈τz〉Bk′
‖
4n′ (i.e. the expectation values of the orbital pseudospin on the
n′-th bulk conduction and n′-th valence band are equal in magnitude and opposite in sign),
(iii) 〈σiτx〉Sk‖c = −〈σiτx〉Sk‖v and 〈σiτx〉Bk′‖1n′ = 〈σ
iτx〉B
k′
‖
2n′ = −〈σiτx〉Bk′
‖
3n′ = −〈σiτx〉Bk′
‖
4n′ .
All the relative signs in the above relations are crucial for the justification of Eq. (5) in the main text.
D. Phonon- and disorder-induced surface-to-bulk scattering rate
The objective of this section is to derive Eqs. (7) and (9) from the main text. Let us start from the disorder-induced
SB scattering rate for a surface electron located at the Fermi level in band c (i.e. in the upper half of the Dirac cone).
It reads
Γimpk‖c,SB = 2π
∑
k′n′
|gdis|2(|Fk‖c,k′1n′ |2 + |Fk‖c,k′2n′ |2)δ(ξk′‖1n′)
≃ |gimpeff |2νB(ǫ)
(
1 + 〈τz〉Sk‖c〈〈τz〉〉BǫF
)
, (57)
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where
|gimpeff |2 = 2πN2s |gimp|2
∑
k′
z
(|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2) (58)
is an effective coupling constant for electron-disorder scattering,
ζn′ =
∑
k′
z
(|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2)ζk′
z
n′∑
k′
z
(|Ak′
z
,n′ |2 + |Bk′
z
,n′ |2) (59)
is a weighted average of the function ζk′
z
n′ introduced in Eq. (49) (see also Fig. 6), and
〈〈τz〉〉BǫF =
1
νB(ǫF )
1
V
∑
k′
‖
n′
ζn′〈τz〉Bk′
‖
n′δ(ξk′‖n′) =
∑
k′
‖
n′ ζn′〈τz〉Bk′
‖
n′δ(ξk′‖n′)∑
k′
‖
n′ δ(ξk′‖n′)
(60)
is a Fermi surface average of 〈τz〉B weighted by ζn′ . In the first line of Eq. (57), we have used the fact (alluded to in
the previous section) that the bulk bands 1n′ and 2n′ are degenerate. The delta function precludes the bulk valence
bands (3n′ and 4n′) from contributing to the sum over intermediate states, because we have assumed that the Fermi
level is in the conduction band. We have also assumed that the disorder potential is independent of momentum.
Then, going from the first to the second line of Eq. (57), we have used Eqs. (47), (49) and (50). We have also taken
advantage of the fact that the energy eigenvalues do not depend on k′z . In addition, we have recognized that Eq. (50)
makes a vanishing contribution because positive and negative k‖ cancel each other. Thus, we have arrived at Eq. (7)
in the main text (second line in Eq. (57)).
The derivation of Eq. (9) in the main text is essentially identical to the one presented above and thus will not
be repeated here. Note that, for optical phonons, gph is independent of momentum. The resulting gpheff is related
to gph in the same way as gimpeff relates to g
imp in Eq. (58). Regarding acoustic phonons, Eq. (9) is still applicable
under the quasi-elastic approximation, wherein the phonon frequency is neglected inside the delta function. This
approximation is justified when the Fermi energy measured from the bottom of the bulk band is large compared to
the Debye frequency and the temperature.
E. Asymmetry on the surface-to-bulk scattering matrix elements between electron- and hole-doped films
The objective of this section is to provide an example of the asymmetry of the SB scattering rate when the material
changes from n−doped to p−doped. This effect requires breaking particle-hole symmetry, as otherwise the surface
orbital pseudospin would be unpolarized and the SB scattering rate would be identical in electron- and hole-doped
systems. In Fig. 6, we have shown that ζn′ is positive, which means that the SB scattering rate is enhanced if the
orbital pseudospin of the bulk and surface states are aligned. This point has been emphasized in Fig. 2 of the main
text.
Suppose that particle-hole symmetry is broken in such a way that the Dirac point of the surface states is closer to
the bulk conduction band than to the bulk valence band. This means that the bulk and surface orbital pseudospins
are parallel to each other in the conduction band, whereas they are antiparallel to each other in the valence band.
Accordingly, the SB scattering matrix elements should be stronger in an n−doped sample than in a p−doped sample.
The situation would be opposite if the Dirac point of the surface states were closer to the bulk valence band than to
the bulk conduction band.
Figure 7a illustrates the preceding point. We plot only the scattering matrix elements in order to filter out the
contribution from the bulk density of states. We keep the Fermi level in the bulk conduction band but vary the
sign of γ⊥ so that the surface Dirac point can be (i) close to the bulk conduction or (ii) close to the bulk valence
band. We find the asymmetry in the SB matrix element between cases (i) and (ii) exceeds what would have been
expected simply from the relative orientation of the pseudospins. The reason for this enhanced asymmetry is the
proportionality factor of Eq. (5) in the main text (or Eq. (48)). When the Dirac point is closer to the conduction
band, the surface states near the bottom of the conduction band penetrate deeper into the bulk than those near the
top of the valence band (cf. Fig. 7b). Accordingly, the wave function overlap in the conduction band is stronger in the
conduction band, which results in a larger SB scattering matrix element (independently from the relative orientation
of the bulk and surface pseudospin).
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∑
k′
z
(|Ak′
z
,n′ |
2 − |Bk′
z
,n′ |
2)/
∑
k′
z
(|Ak′
z
,n′ |
2 + |Bk′
z
,n′ |
2) as a function of γ⊥/β⊥, for a given n
′ (β⊥ is kept
fixed, while γ⊥ is varied). (Center) 〈τ
z〉B as a function of γ⊥/β⊥ for a given conduction band (β⊥ is kept fixed, while γ⊥ is
varied). (Right) ξn′ as a function of γ⊥/β⊥ for a particular n
′ (β⊥ is kept fixed, while γ⊥ is varied).
F. Temperature-dependence of the surface-to-bulk scattering rate induced by bulk acoustic phonons
The objective of this section is to derive the temperature-dependence of the inelastic (phonon-induced) SB scattering
rate. When the temperature exceeds the largest phonon frequency (ω0), the dependence of Γ
ph
SB on T is clearly linear
regardless of the type of phonon. At temperature T < ω0, the optical phonon contribution is exponentially suppressed
and the scattering rate is mainly dominated by acoustic phonons. In order to find out the power law of T , we consider
an electron in surface band c with momentum kF at the Fermi level scattering onto the n
′-th quantum well state in
the conduction band. The rate for this process is
Γk‖c→c n′ ∝
∑
s=±
∫
dq |gphq |2|Fk‖c,k‖−q‖ qzc n′ |2[n(ωq) + f(ωq)]δ(ξk‖−q‖1n′ + sωq) (61)
where q = (q‖, qz), ωq = cs
√
q2‖ + q
2
z , and
|Fk‖c,k′c n′ |2 ≡ |Fk‖c,k′1n′ |2 + |Fk‖c,k′2n′ |2 =
∣∣∣∣
∫
dz (ΨSk‖c)
∗eik
′
z
zΨk′
‖
1n′
∣∣∣∣
2
+
∣∣∣∣
∫
dz (ΨSk‖c)
∗eik
′
z
zΨk′
‖
2n′
∣∣∣∣
2
. (62)
The phonon modes with ωq ≫ T are exponentially suppressed and do not contribute to Eq. (61). The main contri-
bution comes from modes with ωq << T , for which n(ωq) + f(ωq) ≃ T/ωq. In order to estimate this contribution,
we approximate Eq. (61) as
Γk‖c→cn′ ∝ T
∫ T/cs
0
dq‖q‖
∫ 2π
0
dθ
∫ T/cs
−T/cs
dqz|Fk‖c,k‖−q‖ qzc n′ |2δ(ξk‖−q‖1n′ ± ωq), (63)
where θ is the relative angle between q‖ and k‖, and we have used that |gph|2/ωq is independent of q for acoustic
phonons. Under the condition ǫF ≫ T ≫ ωq, it is appropriate to neglect ωq inside the delta function. Then, Eq. (63)
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FIG. 7: (Color online) (Left) Elastic (energy-conserving) surface-to-bulk transition matrix element calculated numerically as a
function of ǫF . We take the quantum well state closest to the bulk band edge. The solid (dashed) line corresponds to the case
where the Dirac point is closer to the bulk conduction (valence) band. (Right) Surface state envelope wave functions (EWF)
for a fixed energy in the conduction band, when the Dirac point is close to the conduction band (solid black line) or the valence
band (red dashed line).
transforms into
Γk‖c→cn′ ∝ T
∫ T/cs
0
dq‖q‖
∫ 2π
0
dθ
∫ T/cs
−T/cs
dqz|Fk‖c,k‖−q‖ qzc n′ |2δ(ξk‖−q‖1n′)
= T
∫ T/cs
0
dq‖q‖
∫ T/cs
−T/cs
dqz
∫ 1
−1
dν√
1− ν2 |Fk‖c,k‖−q‖ qzc n
′ |2
∑
i
δ(ν − νi)
|f ′(ν)|ν=νi
. (64)
In the second line of Eq. (64), we have made a change in variable from θ to ν = cos θ and have rewritten the delta
function in such a way that ξk‖−q‖1n′ = 0 when ν = νi. Note that νi’s are functions of k‖ and q‖. Also, f is basically
ξk‖−q‖1n′ in terms of ν, while
′ denotes a derivative with respect to ν.
When q‖ = qz = 0, Fk‖c,k‖−q‖ qzc n′ vanishes due to orthogonality between bulk and surface states. At low
temperatures, q‖ is forced to be small compared to the Fermi wave vector and hence one may expand F in powers of
q‖. Likewise, when T ≪ csλs, where λs is the inverse penetration depth of the surface states into the bulk (cf. Sec.
C), a small qz expansion of F is well-justified. Then, we may write
|Fk‖c,k‖−q‖ qzc n′ |2 ≃ ak‖q2z + bk‖q2‖ cos θ2. (65)
For λs ≃ 1nm−1 and cs ≃ 2km/s, the qz expansion is valid for T . 15K. Incidentally, this temperature scale is similar
to the Bloch-Gru¨neisen temperature TBG ≡ 2cskF , for kF values of interest (cf. Fig. 1 in the main text). When
T ≫ TBG, the small qz expansion is dubious but it can be shown that Γ ∝ T . In other words, the linear T behavior
starts to emerge even below the Debye temperature (note that the typical Debye temperature far exceeds TBG in this
system). In the regime T ≪ TBG, an explicit calculation shows that
Γk‖c→cn′ ∝ T
∫ T/cs
q−
dq‖q‖
∫ T/cs
−T/cs
dqz
1
q‖
(ak‖q
2
z + bk‖), (66)
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where we have used T ≫ csq− and νi ∝ q−1‖ . Here, q− is the distance (in momentum space) between the surface
state and the nearest bulk state at the Fermi level, while kF is the Fermi momentum. The emergence of q− in the
integral over q‖ results from the fact that νi must lie between −1 and 1. Clearly, the ak‖q2z term in Eq. (66) gives a
higher-power (i.e. subleading) contribution. Then, in this temperature regime we obtain Γ ∝ T 3. If T < csq−, we
immediately obtain Γ = 0.
Similarly, one can show that the intrasurface scattering rate induced by bulk acoustic phonons varies as T 3 below
the Bloch-Gru¨neisen temperature. In order to see this, it is key to notice that |F |2 for intrasurface scattering is
nonzero at qz = q‖ = 0, because a surface state is not orthogonal to itself. The main difference between surface-to-
bulk and intrasurface inelastic scattering is that q− = 0 for the latter. Hence, for intrasurface phonon scattering, the
T 3 behavior continues all the way to T = 0.
